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Laplacians
Complex

Boundaries

Laplacian
𝑑 + 𝛿 2 = 𝑑𝛿 + 𝛿𝑑

Topology Geometry



Graph Laplacian
Graph: 𝐺

Boundary: 𝐵

Graph Laplacian
𝐿 = 𝐵𝐵𝑇

Topology: 𝐻0 𝐺; ℝ Geometry: 𝜆0

 

   



Combinatorial Laplacian
Simplicial Complex: 𝐾

Boundaries: 𝑑𝑛

Combinatorial Laplacian
𝛥𝑛 = 𝑑𝑛+1𝑑𝑛+1

∗ + 𝑑𝑛
∗ 𝑑𝑛

Topology: 𝐻𝑛 𝐾; ℝ Geometry: 𝜆𝑛

                  

                  

                  



Persistent Laplacian
Filtered Complex: 𝐾𝑎 𝐾𝑏

Boundaries: 𝑑𝑛
𝑎 , 𝑑𝑛

𝑏

Persistent Laplacian
𝛥𝑛 = 𝑑𝑛+1

𝑎,𝑏 𝑑𝑛+1
𝑎,𝑏 ∗

+ 𝑑𝑛
a ∗𝑑𝑛

𝑎

Topology: 𝐻𝑛
𝑎,b 𝐾; ℝ Geometry: 𝜆𝑛

𝑎,𝑏



𝜆1
𝑟,𝑟+0.1

𝜆0
𝑟,𝑟+0.1



Persistent Laplacian Pipeline

Multiscale Data Persistent Laplacians

PSD matrices

Eigenvalues Summaries Analysis



Graph Laplacian

−1 −1 0 0
1 0 −1 0
0 1 1 −1
0 0 0 1

𝑒12 𝑒13 𝑒23 𝑒34

𝐵 =

𝑣1

𝑣2

𝑣3

𝑣4

𝐿 = 𝐵𝐵𝑇=

2 −1 −1 0
−1 2 −1 0
−1 −1 3 −1
0 0 −1 1

𝑣1 𝑣2 𝑣3 𝑣4

𝑣1

𝑣2

𝑣3

𝑣4

Graph Laplacian
Eigenvalues: {0, 1, 3, 4}

Topological Information:
Multiplicity of 0 = # components



Spectral Clustering

Eigenvector partition

𝐿

1
1
0

−2

= 1

1
1
0

−2

𝑣1

𝑣2

𝑣3

𝑣4

Gives min-cut partition

𝑣𝑖 ∈ 𝐺0 if ≥ 0
𝑣𝑖 ∈ 𝐺1 if < 0 

 

   

𝐺0  𝐺1  

Eigenvalues: {0, 1, 3, 4}

Geometric Information:
𝜆 = min{𝜆𝑖 > 0}

Algebraic Connectivity



Combinatorial Laplacian

 

 

 

 

 
−1 −1 −1 0 0
1 0 0 −1 0
0 1 0 0 −1
0 0 1 1 1

𝑒12 𝑒13 𝑒14 𝑒24 𝑒34

𝑑1 =

𝑣1

𝑣2

𝑣3

𝑣4

𝑑2 =  

𝑒12

𝑒13

𝑒14

𝑒24
𝑒34

0
1

−1
0
1

𝑈

Δ1 = 𝑑2 ∘ 𝑑2
∗ + 𝑑1

∗ ∘ 𝑑1

 =

2 1 1 −1 0
1 3 0 0 0
1 0 3 1 0

−1 0 1 2 1
0 0 0 1 3

β1

Eigenvalues: {0, 2, 3, 3, 4}



Combinatorial Laplacian

Inner product: 〈𝜎𝑖 , 𝜎𝑗〉 = ቊ
1 if 𝑖 = 𝑗
0 if 𝑖 ≠ 𝑗

Implies 𝐶𝑛 ≅ 𝐶𝑛



Properties

Hodge Decomposition:
kerΔ𝑛 ≅ 𝐻𝑛 𝐾; ℝ
𝐶𝑛(𝐾; ℝ) ≅ Im 𝑑𝑛

∗ ⊕ 𝐻𝑛 𝐾 ⊕ Im 𝑑𝑛+1

Self-adjoint: Δ𝑛
∗ = Δ𝑛

Eigenvalues ≥ 0: {𝜆𝑛
0 , 𝜆𝑛

1 , … , 𝜆𝑛
𝑖 }

Multiplicity of 0:  dim kerΔ𝑛 = 𝛽𝑛

Spectral gap: 𝜆𝑛 = min{𝜆𝑛
𝑖 > 0}

Δ𝑛 = 𝑑𝑛+1 ∘ 𝑑𝑛+1
∗ + 𝑑𝑛

∗ ∘ 𝑑𝑛

de Rham Hodge Decomposition:
Ω𝑛 𝑀 ≅ Im 𝑑𝑛−1 ⊕ ℋΔ

𝑛 𝑀 ⊕ Im 𝛿𝑛+1



In practice

Trajectory embeddings
Schaub et al., 2019

Topological Clustering
Ebli and Spreemann 2019

Random walks
Eidi and Mukherjee 2023

TopoNetX
Hajij et al., 2024

Quantum Computing
Leditto et al., 2024

Knot Theory
Jones and Wei, 2024

OAT
Henselman-Petrusek 

et al., 2023



Persistent Laplacian Δ𝑛
𝑎,𝑏: 𝐶𝑛

𝑎 → 𝐶𝑛
𝑎

Subspace: 𝐶𝑛+1
𝑎,𝑏 = 𝜎 ∈ 𝐶𝑛+1

𝑏 𝑑𝑛+1
𝑏 σ ∈ 𝑖𝑛

𝑎,𝑏(𝐶𝑛
𝑎)}

Peristent Laplacian: Δ𝑛
𝑎,𝑏 = 𝑑𝑛+1

𝑎,𝑏 ∘ (𝑑𝑛+1
𝑎,𝑏 )∗ + 𝑑𝑛

𝑎 ∗ ∘ 𝑑𝑛
𝑎



Combinatorial Laplacian

Hodge Decomposition:
kerΔ𝑛 ≅ 𝐻𝑛 𝐾; ℝ
𝐶𝑛(𝐾; ℝ) ≅ Im 𝑑𝑛

∗ ⊕ 𝐻𝑛 𝐾 ⊕ Im 𝑑𝑛+1

Self-adjoint: Δ𝑛
∗ = Δ𝑛

Eigenvalues ≥ 0: {𝜆𝑛
0 , 𝜆𝑛

1 , … , 𝜆𝑛
𝑘}

Multiplicity of 0:  dim kerΔ𝑛 = 𝛽𝑛

Spectral gap: 𝜆𝑛 = min{𝜆𝑛
𝑖 > 0}

Δ𝑛: 𝐶𝑛 → 𝐶𝑛

Δ𝑛 = 𝑑𝑛+1 ∘ 𝑑𝑛+1
∗ + 𝑑𝑛

∗ ∘ 𝑑𝑛

Persistent Laplacian

Hodge Decomposition:
kerΔ𝑛

𝑎,𝑏 ≅ 𝐻𝑛+1
𝑎,𝑏 𝐾; ℝ

𝐶𝑛
𝑎(𝐾; ℝ) ≅ Im 𝑑𝑛

𝑎 ∗ ⊕ 𝐻𝑛
𝑎,𝑏 𝐾 ⊕ Im 𝑑𝑛+1

𝑎,𝑏

Self-adjoint: Δ𝑛
𝑎,𝑏 ∗

= Δ𝑛
𝑎,𝑏

Eigenvalues ≥ 0:{ 𝜆𝑛
𝑎,𝑏

0
, 𝜆𝑛

𝑎,𝑏

1
, … , 𝜆𝑛

𝑎,𝑏

𝑘
}

Multiplicity of 0:  dim kerΔ𝑛
𝑎,𝑏 = 𝛽𝑛

𝑎,𝑏

Spectral gap: 𝜆𝑛
𝑎,𝑏 = min{ 𝜆𝑛

𝑎,𝑏

𝑖
> 0}

Δ𝑛
𝑎,𝑏: 𝐶𝑛

𝑎 → 𝐶𝑛
𝑎

Δ𝑛
𝑎,𝑏 = 𝑑𝑛+1

𝑎,𝑏 ∘ (𝑑𝑛+1
𝑎,𝑏 )∗ + 𝑑𝑛

𝑎 ∗ ∘ 𝑑𝑛
𝑎



PL Example

𝐾𝑎

𝐾𝑏

 

 

 

 

 

 

 

 

 

 
 

Δ1,𝐝𝐨𝐰𝐧
𝑎,𝑏 =

2 1 1 −1 0
1 2 1 0 −1
1 1 2 1 1

−1 0 1 2 1
0 −1 1 1 2

Combinatorial 
Laplacian 

Eigenvalues: 
{0, 2, 3, 4, 4}

Multiplicity of 0 = 𝛽𝑛
𝑎,b

Δ1,𝐮𝐩
𝑎,𝑏 =

1 0 −1 1 0
0 1 −1 0 1

−1 −1 2 −1 −1
1 0 −1 1 0
0 1 −1 0 1

Δ1
𝑎,𝑏 =

3 1 0 0 0
1 3 0 0 0
0 0 4 0 0
0 0 0 3 1
0 0 0 1 3

Persistent Laplacian 
Eigenvalues: {2, 2, 4, 4, 4}

How many 0-eigenvalues should we expect?



• Short answer: we don’t know
• Medium answer: analogies and machine learning
• Long answer: Cheeger-type inequalities

• Manifolds

• Graphs

• Non-branching filtered simplicial complexes (Botnan & Dong, 2025)

What is this “geometric information”?



Algorithms

Δ𝑛,𝐮𝐩
𝑏 = 𝐴 𝐵

𝐶 𝐷

𝑛𝑛
𝑎

𝑛𝑛
𝑏

𝑛𝑛
𝑏 − 𝑛𝑛

𝑎

ൗ𝛥𝑛
𝑎,𝑏 = Δ𝑛,𝐮𝐩

𝑏 Δ𝑛,𝐮𝐩
𝑏 𝐼𝑎

𝑏 , 𝐼𝑎
𝑏 = 𝐴 − 𝐵𝐷−1𝐶

= 𝑂 𝑛𝑛
𝑏 3

• Projection - R. Wang et al., 2019
• Reduction - Mémoli, Wan, Y. Wang 2020
• Schur Complement - MWW 2020
• Non-branching – Dong 2024



PL Example 2

𝐾𝑎

𝐾𝑏

Δ1,𝐝𝐨𝐰𝐧
𝑎 =

2 1 1 0
1 2 1 −1
1 1 2 1
0 −1 1 2 

 

 

 

 

 

 

 

 

 
 

Δ1,𝐮𝐩
𝑏 =

1 0 −1 0 1
0 1 −1 1 0

−1 −1 2 −1 −1
0 1 −1 1 0
1 0 −1 0 1

ൗ𝚫𝒏,𝐮𝐩
𝒃 𝜟𝒏,𝐮𝐩

𝒃 𝑰𝒂
𝒃, 𝑰𝒂

𝒃 = 𝑨 − 𝑩𝑫−𝟏𝑪

=

1 0 −1 0
0 1 −1 1

−1 −1 2 −1
0 1 −1 1

−

1
0

−1
0

1 −1 1 0 −1 0

=

0 0 0 0
0 1 −1 1
0 −1 1 −1
0 1 −1 1

Persistent Laplacian: Δ1
𝑎,𝑏 =

2 1 1 0
1 3 0 0
1 0 3 0
0 0 0 3

Eigenvalues: {1, 3, 3, 4}

Eigenvalues: {0, 0, 0, 3}

Eigenvalues: {0, 1, 3, 4}



Applications

Topological Spectral Clustering
(Grande and Schaub, 2024)

Drug Resistance
(Chen, Liu, Du, Jones, Wee, 

Wang, Chen, Shen, Wei, 2025)

Single-cell 
Differential Gene Expression

(R. Hoekzema, et al., 2022)



Variants

Simplicial Complexes
R. Wang, D.-D. Nguyen, and G.-W. Wei 2019

Weighted 
Simplicial Complexes

F. Mémoli, Z. Wan, Y. Wang 2020

Cellular sheaves
X. Wei and G.-W. Wei 2021

Directed hypergraphs
D. Chen, J. Liu, J. Wu, G.-W. Wei 2023

Path complexes
R. Wang and G.-W. Wei 2022

Cubical complexes
R. Dong 2024

Directed flag complexes
Jones and G.-W. Wei 2024



PETLS: PErsistent Topological Laplacian Software

 

 

 

 

 

 

 

 

 

 
 

… or any filtered boundary matrices

Highlights
• C++ backend (fast)
• Python frontend (easy)
• Modular algorithms for

• Up-Laplacian
• Eigenvalues
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101

10°

10-1

10-2

10-3

10-4

Cumulative Computation Time (dimension 2, log scale)

Computation

Matrix

Eigenvalues

Software

HERMES

MATLAВ

PETLS (Python, Spectra)
10-5

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

Filtration value a



An Unexpected Problem: Eigenvalues



Iterative Methods Don’t Always Work

Standard parameters fail



Reduction by Persistent Homology

Properties of 𝑨:
1) Same nonzero eigenvalues as Δ𝑛

𝑎,𝑏

2) Smaller than Δ𝑛
𝑎,𝑏

3) Positive definite (no zero-eigenvalues)

𝚫𝒏
𝒂,𝒃 = PH + “non-harmonic”

“non-harmonic” = 𝚫𝒏
𝒂,𝒃 – PH

PH representatives as columns of
N = [𝛼1  … 𝛼𝑛] = basis for ker Δ𝑛

𝑎,𝑏

Let 𝑋 = basis for im Δ𝑛
𝑎,𝑏 (e.g. random)

Let 𝐴 =Top left (dim 𝐶𝑛
𝑎 − 𝛽𝑛

𝑎,𝑏) square of 𝐿

Synthetic data,
without optimization,
saves ~20% computation time



Faster via (standard) linear algebra

Apply to Δ𝑁
𝑎,𝑏 = 𝐵𝑁

𝑎 𝑇𝐵𝑁
𝑎

Nonzero eigenvalues(𝑋𝑌) = 
Nonzero eigenvalues (𝑌𝑋)

Saves 70% of computation time



Recommended Resources
• “Persistent Spectral Graph” - R. Wang, et al. (2020)
• “Persistent Laplacians: properties, algorithms, and implications” - Mémoli, 

Wan, Y. Wang (2022)
• “Persistent sheaf Laplacians” - X. Wei and G.-W. Wei (2025)
• “PETLS: PErsistent Topological Laplacian Software” - Jones and Wei (2025)
• “Disentangling the Spectral Properties of the Hodge Laplacian: Not All Small 

Eigenvalues Are Equal” - Grande and Schaub (2024)



Thank you!
Ben Jones
Michigan State University
jones657@msu.edu

BenJones-Math.com/software/PETLS/ 
github.com/bdjones13

> pip install petls


