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Basic 
Stratification 
Theory
From Whitney to MacPherson to Lurie



Historical Stratification 
Theory for Varieties

𝑥2 + 𝑦2 − 𝑧2 = 0

The solution set 𝑉

naturally has
0-dimensional

and
2-dimensional

“parts”
H. Whitney



Modern Stratification Theory…

𝑥2 + 𝑦2 − 𝑧2 = 0The solution to

𝛽>0

𝛽<0

𝛼

≼

≼

admits a continuous map to this poset!

Definition
A map to a poset is
continuous iff the 
pre-image of every 
down-set is closed

J. Lurie

𝒫

𝑉 𝜎

Stratifying
Poset



From Classical to Poset Stratifications

≼ ≼
𝛼 𝛽 𝛾

→

𝒫

𝑋

𝜎

𝜎−1(𝑫𝜷)

𝑫𝜷

Checking 
Continuity

Historically, one defines a stratification from a filtration by closed sets:

∅ = 𝑋−1 ⊂ 𝑋0 ⊂ 𝑋1 ⊂ ⋯ ⊂ 𝑋𝑛 = 𝑋

Where one assumes that each  𝑋𝑖 ≔ 𝑋𝑖 − 𝑋𝑖−1 is an 𝑖-dimensional manifold

Use Map 
to a Poset!

R. Macpherson



Refining Poset Stratifications

≼ ≼
𝛼 𝛽 𝛾

→

𝒫

𝑋

𝜎

Two connected
components 

in the top stratum!

≼
𝛼 𝛽

𝛾1

𝛾2

𝒬 Refinement as a map 
of stratified spaces

→

𝒫

𝑋
𝜎𝑋

→

𝒬

𝑌
𝜎𝑌

𝜎𝑓

𝑓



Stratifications 
from 
Morse Theory

ca

b d

e

f

g

If 𝑓: 𝑀 → ℝ is a Morse function
with critical values

𝑐1, … , 𝑐𝑛

Then one obtains automatically
a stratifying poset

(−∞, 𝑐1) (𝑐1, 𝑐2) … (𝑐𝑛, ∞)

𝑐1 𝑐2 𝑐𝑛

A. Einstein

M. Morse



“Big”
Stratifications
in TDA



Games as a Source 
of Stratification Theory

Combinatorial Models of Criticality



A Digital Stratification Example

• What kinds of stratifications do 
we see here?
➢Directionality: separation of 

inaccessible “past” regions. 
Describes a pre-order!

➢Critical Events: reaching a key 
raises one’s energy level to 
access another connected 
component

➢Dynamics: Goal state is a sink of 
some combinatorial vector field



Markov Decision 
Processes (MDP)
Reinforcement Learning (RL) is 
often modeled using a MDP:

➢𝑺 = set of states
➢𝑨 = set of actions
➢𝑻: 𝑺 × 𝑨 → 𝑺 a transition map
➢𝑹: 𝑺 × 𝑨 × 𝑺 → ℝ a reward for 

going from 𝑠 to 𝑠’ via 𝑎.

s1 s2 s3 s4

GOAL: Learn a policy, i.e., a map 𝑷: 𝑺 → 𝑨 
that maximizes cumulative expected reward



Policies and Tree 
Stratified Spaces

A policy that routes to the green “goal” 
state 𝑔 is equivalent to picking a spanning 
tree of the dual graph rooted at 𝑔.

Proposition:

Equipping the cubical grid 𝑋 with the
finite topology where closed cells
are a basis for closed sets, then the 
policy produces a tree-stratified space!



Subtleties in the
Construction Finite

Top.
SpaceEach top dim

cell maps to
unique node in
the policy tree

What to do
with boundary 
cells?

Map to meet
of the paths in 
the policy tree!

Fibers of the
stratification

map can look
a little weird!

49
pts!



Stratifying Trajectory Space

Start at the red dot

Collect black coins 
w/o going too fast

How many coins 
can we collect?

New Game

Yuliy Baryshnikov’s “Linear Obstacles and How to Avoid Them”

Light Cone

2 coins!



A B

Start
(no coin)

C D E

Notice that the maximal 
chains have length at most 2, 

indicating the max 2 coins 
you can collect

State Space

Stratifying
Poset

A

B

C

D

E

• State space is space-time 𝑌 × ℝ where 𝑌 is the 𝑦-axis.
• Stratifying poset is a sub-poset and reward function is 

intersection depth of these cones

Yuliy Baryshnikov’s “Linear Obstacles and How to Avoid Them”



S

Trajectory Space Poset of Chains

A

B

C

D

E

SA SBSC SD SE

SAC SAD SAE SBD SBE

2-coin level

1-coin level

0-coin level

Length of chain = Reward

This provides a coarse, 
topological notion of a 

reward function.

N.B. The reward function induces this stratification, but lots 
of different reward functions could induce this same poset. 
This is a “common core” among them all…

Yuliy Baryshnikov’s “Linear Obstacles and How to Avoid Them”



Stratifying Function Space
Lemma: Let 𝒞(𝑋, 𝑌) = space of cts maps from 𝑋 to 𝑌

If 𝑇 ⊆ 𝑌 is a closed set of “target values” 

𝐹𝑆,𝑇  =  {𝑓 ∈ 𝒞(𝑋, 𝑌)| 𝑓−1(𝑇) ⊇ 𝑆}

is closed for any choice of 𝑆 ⊆ 𝑋

Theorem:
Let 𝒫 = 𝐶𝑙𝑜𝑠𝑒𝑑(𝑋) be the poset of closed sets. 
Topologize with down-sets being closed.

𝜎𝑇: 𝒞 𝑋, 𝑌 → 𝐶𝑙𝑜𝑠𝑒𝑑 𝑋 𝑜𝑝

𝑓 ⟼ 𝑓−1(𝑇)

For any closed 𝑇 ⊆ 𝑌, this is a poset 
stratification of the space of maps!

A

B

C

D
E

𝑇 = 𝐴, 𝐵, 𝐶, 𝐷, 𝐸 ⊆ ℝ2

𝑥𝐴 𝑥𝐸𝑥𝐶 𝑥𝐷 𝑥𝐵

𝑥𝐴, 𝑥𝐶 𝑥𝐴, 𝑥𝐷 𝑥𝐴, 𝑥𝐸 𝑥𝐵 , 𝑥𝐷 𝑥𝐵 , 𝑥𝐸

∅

Possible 𝒇−𝟏(𝑻) 

“Generic” Trajectory
= No Reward!

“Skillful” Trajectory = Reward!



Stratifying by Time on Target

Time

Sp
ac

e

𝑓

𝑓−1(𝑇)

𝑔−1(𝑇)

𝑔

“Persistence-like” 
representation

 of intervals in ℝ

Cutoff Duration for 
Receiving Reward

≼

Continuous
or

Discrete
Reward

No
Reward



The Policy Stratification Hypothesis
ALL SKILLFUL BEHAVIOR IS SINGULAR



Journey into the Net

Detecting Stratifications inside Latent 
Representations



Quick Review of 
Neural Nets
A neural net is a generalized regression machine

A neural net learns a map 𝑓𝜃: ℝ𝑚 → ℝ𝑛

that arises as a composition of simpler maps
ℝℓ0 → ℝℓ1 → ⋯ → ℝℓ𝑘−1  → ℝℓ𝑘

where each map has a tunable parameter to “do better”. 



“Latent Representation”

https://arize.com
/blog-course/em

beddings-m
eaning-exam

ples-and-how
-to-com

pute/



Language Models and Stratified Spaces
Contemporaneous with the previous insights, Michael Robinson and others 
developed completely different arguments for why neural nets are stratified!

[1] M. Robinson, S. Dey, and S. Sweet. “The structure of the token space for large language models”, https://arxiv.org/abs/2410.08993, 2024.
[2] M. Robinson, S. Dey, and T. Chiang. “Token embeddings violate the manifold hypothesis”, https://arxiv.org/abs/2504.01002, 2025.

https://arxiv.org/abs/2410.08993
https://arxiv.org/abs/2504.01002


Volume-Radius Relations
Key insight of [1,2] was that investigating GPT-type models are way too big 
for typical TDA methods. Instead, investigate [3], e.g., volume growth laws!

𝑣𝑥 𝑟 = 𝐾𝑟𝑛 1 −
𝑅𝑖𝑐

6 𝑛 + 2 
𝑟2 + 𝑂 𝑟4

log 𝑣𝑥 ≈ log 𝐾 + 𝑛 log 𝑟 + 𝑂(𝑟2)

Log
Volume

Log Radius

Slope = Dimension

Assuming uniform sampling
from an n-manifold

[3] Alfred Gray. The volume of a small geodesic ball of a Riemannian 
manifold. Michigan Mathematical Journal, 20(4):329–344, 1974.

Do Regression!



Volume Growth Laws for Fiber Bundles

[1] M. Robinson, S. Dey, and S. Sweet. “The structure of the token space for large language models”, https://arxiv.org/abs/2410.08993, 2024.
[2] M. Robinson, S. Dey, and T. Chiang. “Token embeddings violate the manifold hypothesis”, https://arxiv.org/abs/2504.01002, 2025.

https://arxiv.org/abs/2410.08993
https://arxiv.org/abs/2504.01002


The Searing Spotlight Video Game
• In our work [4], we modify the Searing 

Spotlight game from [5]. An agent:
➢Earns Reward for collecting coins,
➢Earns Damage if caught in a spotlight.

• Game starts with the lights on then 
fades to black.

• Spotlights are introduced gradually, 
but move randomly and with 
increasing speed and radius.

green coin

spotlightyellow coin

agent

Visual
Encoder

Fully Connected
(Token Embedding)

Transformer 
Blocks

Fully Connected

O
bs

er
va

tio
ns

ActionsValue

time

dimmed 
room

[4]  J. Curry, B. Lagasse, N.B. Lam, G. Cox, D. Rosenbluth, and A. Speranzon. 
“Exploring the Stratified Space Structure of an RL Game with the 
Volume Growth Transform”, https://www.arxiv.org/pdf/2507.22010, 2025.

[5] M. Pleines, M. Pallasch, F. Zimmer and M. Preuss. “Memory Gym: Towards 
Endless Tasks to Benchmark Memory Capabilities of Agents”, 
https://arxiv.org/abs/2504.01002, 2025.

https://www.arxiv.org/pdf/2507.22010
https://arxiv.org/abs/2504.01002


Token Embeddings and Volume Growth Laws

[4] J. Curry, B. Lagasse, N.B. Lam, G. Cox, D. Rosenbluth, and A. Speranzon. 
“Exploring the Stratified Space Structure of an RL Game with the 
Volume Growth Transform” https://www.arxiv.org/pdf/2507.22010, 2025.

https://www.arxiv.org/pdf/2507.22010


Realization Result
Can a stratified space exhibit volume 
growth laws with sharp increases?

Theorem:
If 𝑓: 0, ∞ → [0, ∞) is a non-decreasing piecewise 
linear function such that:

• 𝑓|[0,𝑠1] = 𝑛1𝑠

• 𝑓|[𝑠𝑖,𝑠𝑖+1] = 𝑛𝑖+1𝑠 + 𝑓 𝑠𝑖 ,  𝑖 ∈ 1, … , 𝑘 − 1  

• 𝑓|[𝑠𝑘,∞) = 𝑓 𝑠𝑘  is a constant

for some “critical scales” {𝑠1 < ⋯ < 𝑠𝑘} and 
natural numbers 𝑛1, … , 𝑛𝑘  then there exists a 
stratified space 𝑋 with a point 𝑥 ∈ 𝑋 such that

 Volume Growth Transform 𝑥 = 𝑓(𝑠)
[4] J. Curry, B. Lagasse, N.B. Lam, G. Cox, D. Rosenbluth, and A. Speranzon. 
“Exploring the Stratified Space Structure of an RL Game with the 
Volume Growth Transform” https://www.arxiv.org/pdf/2507.22010, 2025.

https://www.arxiv.org/pdf/2507.22010


Interpretation of the Data
A Stratified Token Space

𝑁-dimensional “bulk”

𝑚-dimensional “flare”

𝑘-dimensional “flare”

[4] J. Curry, B. Lagasse, N.B. Lam, G. Cox, D. Rosenbluth, and A. Speranzon. 
“Exploring the Stratified Space Structure of an RL Game with the 
Volume Growth Transform” https://www.arxiv.org/pdf/2507.22010, 2025.

https://www.arxiv.org/pdf/2507.22010


20 randomly sampled tokens/observations from each “cluster”

𝑑𝑖𝑚 ∈ [6, 8] 𝑑𝑖𝑚 ∈ [9, 10] 𝑑𝑖𝑚 ∈ [11, 13] 𝑑𝑖𝑚 ∈ [14, 21]

Distribution
of Local
Dimensions

State Space Model:
• 2D for position
• 1D for rotation
• 3D color channel
=   6D State Space!

State Space Model:
• 2D for position
• 1D for rotation
• 3D color channel
=   6D State Space
+ 4 Spotlights w/ 2D 
per spotlight
= 14D State Space!



𝐴 𝐵 𝐴 𝐵



𝐶 𝐶𝐷 𝐷



Final Thoughts and Future Directions

• Why does the dimension spike near goal states?
➢Over-Sampling?
➢Complex decision making?
➢Picking up codimension via a Steiner Polynomial?

• How does histogram of dimensions evolve during training?
➢Novel measure of learning!

• Reward Machines?
➢Reward hacking
➢Stratification guides reward initialization
➢Moduli space of equivalent reward functions





“Bizarre” 
Continuous 
Stratifications

• The Morse property is 
not necessary

• Every continuous 
function 𝑓: 𝑀 → ℝ is 
automatically 
Alexandrov continuous

• Much of persistence can 
be thought of as 
stratification theory

G. Carlsson



Stratification 
Theory for the 
TDA 
Community

M. Lesnick, J. Curry, R. MacPherson, M. Goresky, A. Patel, G. Henselman, B. Fasy



Posets as Shadows of Categories
The Exit Path Category has points for 
objects and homotopy classes of exit 
paths for morphisms; paths that “exit” 
a stratum for a higher dimensional one.
There is a functor ℰ𝒫 → 𝒫 that forgets 
homotopy information

𝑁𝛽

𝑁𝛼

𝜏

𝛾

𝛾 𝜏

where 𝛾 ∗ 𝜏 = [𝜏]

ℰ𝒫

R. MacPherson



Trajectory Space

Order Complex

A

B

C

D

E

Yuliy Baryshnikov’s “Linear Obstacles and How to Avoid Them”

SA B

C
D

E

N.B. Really need a directed 
order complex here…

Big Idea: How do we find signatures of these structures inside the latent space of neural networks?
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