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Abstract. The study of phylogenetic trees has been motivated for decades
by applications in evolutionary biology; it represents a quantitative historical
branching relationship between a set of species, given as leaves of an evolu-
tionary tree. More generally, phylogenetic trees are weighted, leaf-labeled
trees realizing a particular class of acyclic finite metric spaces, encoding ei-
ther a branching, merging, or static curvature relationship on a unique base
set. Billera, Holmes, and Vogtmann define a metric on the moduli space
of phylogenetic trees to form BHV space (2001), which provides a natural
geometric setting for describing point clouds of different tree shapes on the
same set of species. Using a combinatorial construction of BHV space as a
piecewise-Euclidean cube complex with CAT(0) curvature, we can extend Eu-
clidean statistics to phylogenetic tree space, providing efficient and unique
Fréchet means and confidence regions. However, it does not allow for the
comparison of trees on nonidentical species sets (i.e., with different numbers
of leaves), and in this context it is not evident how to relate tree spaces of
different dimension. Using mainly combinatorics and linear optimization, we
give a full characterization of the subspace of extensions of a subtree, comput-
ing the inverse of the “forgetful” map and allowing for supertree construction,
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which joins metric subtrees into a single space. We define a space of possi-
ble supertrees, optimize over it, and, for a collection of tree fragments with
different leaf sets, quantify their compatibility.


